
1.,. J. SoIO/, SI1.,.,.", Vol. 16. pp. 4~I-I63
@ PerplIlOn Pm' Lid.. 1910. Printed in Great Britain

~7613I801OSOI~SI/fl)2.001O

AN INITIAL FLEXURAL FAILURE ANALYSIS OF
SYMMETRICALLY LAMINATED CROSS-PLY

RECTANGULAR PLATES

G. J. TURVEY

Department of Engineering, University of Lancaster, Lancaster, England

(Rtc'eilltd 20 March 1979; in revised form 20 July 1979)

AIJstnct-It is shown that by combining the exact (Navier) solution of the specially orthotropic plate
equilibrium equations with the Tsai-Hill failure criterion the initial failure analysis of fibre reinforced
laminated plates may be transformed into an optimisation problem. A simple trial and error procedure is
used to locate and evaluate the maximum value of an initial failure function from which the initial failure
load and the corresponding plate dellections may be evaluated. This approach is used to provide design data
for the initial failure condition in GFRP and CFRP simply supported, rectaDl1llar plates subjected to
uniform, uniform square patch and hydrostatic (linearly varyilll) load distributions.

NOTATION
a plate side length (x co-ordinate direction)

A.. Fourier deflection coefficient
b plate side lenllth (Y co-ordinate direction)

C, d patch load dimensions
D.., Du, On, Dv. plate flexural rillidities

Dr( = £,.h3(1- "LT"TLr l/12) plate flexural riaidity
e.. e2, el2 strains referred to lamina principal axes
e., e.,. e., strains referred to plate principal axes

EL, ET lonllitudinal and transverse elastic moduli
GLT shear modulus

h plate thickness
k lamina number

k., k" k., plate curvatures and twist
NL number of laminae in the plate

q, qo lateral pressure
q( =qoa2s'T,th-2) dimensionless initial failure load

q... Fourier load coefficient
R( = ba -I) plate aspect ratio

s.. S2, SI2 stresses referred to lamina principal axes
SL, ST", SLT lamina strengths (Ionllitudinal, transverse and shear)

I lamina thickness
II' plate dellection

w( = II'Dra-2s'T,lh-2) dimensionless dellection
w, dimensionless plate centre deflection

x, y, z Cartesian co-ordinate directions
x.. YI co-ordinates of patch centre

Zt- .. z, positions of kth lamina's surfaces (see Fill. I)
6. vector defining the position of the initial failure surface relative to the plate reference

surface for the kth lamina
t/It., ~t' initial and modified failure functions for the kth lamina

(~t,)"" (~I'):.. maximum value of ~" for the kth and for all of the laminae
"LT, "TL Poisson's ratios
( )', ()' partial differentiation with respect to x and Y

I. INTRODUCTION

Despite continuing research effort, satisfactory analytical techniques are not yet available for
tracing the response of fibre reinforced, laminated structural elements up to collapse. This
situation persists largely because of the complex nature of failure in composite materials­
several modes of failure are possible and the possibility of interaction between them is not
precluded. As yet no thoroughly adequate failure criteria have been put forward. Until this
impasse is overcome, the design of laminated structural elements is likely to be based on the
onset of initial failure in an individual lamina of the laminate, even thQugh such a criterion may
be very conservative from the strength standpoint[l]. Thus, initial failure analyses may be
regarded as a useful means of generating design data for laminated structures.
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Fig. I. Section through the laminated plate showing the lamina reference system.

The present paper is concerned with examining the initial failure of laminated rectangular
plates. Hitherto, most initial failure analyses have concentrated on in-plane rather than
out-of-plane loading states, probably because the former are more dominant in the situations
where laminated structural elements enjoy their greatest potential, i.e. in aircraft structures.
However, laminated structural elements are beginning to be used in other situations for which
flexure is the dominant load supporting action. It is for these latter situations that the results
presented herein may be expected to be of use.

Attention is deliberately focussed on symmetric, cross-ply lay-ups, because the resulting
laminates/plates exhibit specially orthotropic properties in flexure. This feature, apart from
being of great practical significance, allows virtually exact initial failure loads and deflections to
be evaluated for several practically important lateral pressure distributions. However, as far as the
present analysis is concerned, this degree of exactitude is achieved only at the price of restricting
the applicability of the computed results to plates which are simply supported on all four sides (the
severity of the restriction on the plate boundary conditions can be eased by utilising the Levy
rather than the Navier solution to the plate equilibrium equation).

The computer program developed for the exact, initial flexural failure analysis of simply
supported, rectangular plates has been used to carry out a reasonably comprehensive parameter
study. The following parameters have been included: the degree of orthotropy (a characteristic
of the material type), the lateral pressure distribution, the plate aspect ratio and the number of
laminae in the laminate. All of the computed initial failure loads and associated plate centre
deflections for the complete parameter range are presented in dimensionless, graphical form to
facilitate direct design application.

2. LAMINA DATA. LAY·UP DETAILS AND PLATE RIGIDITIES

In this paper attention is restricted to the most common high modulus, fibre reinforced
materials, viz GFRP (Glass Fibre Reinforced Plastic) and CFRP (Carbon Fibre Reinforced
Plastic). The stiffness and strength ratios for individual laminae of these two materials have
been taken from Refs. [2 and 3] and are given in Table 1.

Only symmetric, cross-ply lay-ups are considered; thus, each plate consists of an odd
number of identical laminae, the fibre directions of which are alternately aligned with and
normal to the plate x-axis.

If, relative to the plate mid-plane, the outermost laminae are chosen to have their fibre
directions aligned with the x-axis, then the following simple formuJae[2] may be used to
evaluate the plate rigidities,

DlI = am-h3{(a- 1
- l)P + 1}/12

D I2 = VLTEfh 3/12

Da. = aEfh 3{(1- a-J)p +a- '}/12

D6(, = {3Efh 3/12 (1)
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Table I. Stiffness and strength data for GFRP and CFRP uni·
directional laminae.

(a) Stiffness data
Material ELET- 1 GLTET-I "LT
GFRP 3.00 0.48 0.25
CFRP 9.40 0.36 0.30

(b) Strength data
Material SLSr: ST.sr: SLTS"T:
GFRP 37.50 4.00 I.SO
CFRP 17.85 2.64 1.43

a =ELET- l
, E~= ET(1- JlLTJlTLr l

f3 =GLTET-1(l- "LT"TL)

P =(1 +M)-3 +M(NL - 3){M(NL - I) +2(NL + I)}

X(NL
2 -1)(1 + M)-3
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3. ANALYSIS

An initial flexural failure analysis may be regarded as the means by which the magnitude of
the lateral pressure is determined such that equilibrium is maintained at all points throughout
the structure and yet a state of incipient failure exists at one or more of these points. Thus, two
aspects are embodied in such an analysis: the maintenance of equilibrium and the satisfaction
of the failure criterion. Each of these will be treated separately, and then it will be demon­
strated that their subsequent combination allows the problem to be transformed into an
optimisation problem, namely, that of seeking the maximum value of an initial failure function.
Once this maximum value has been determined the required initial failure load and associated
plate centre deflection may be readily calculated.

(a) Solution of the plate equilibrium equation
Restricting the analysis to symmetric, cross-ply lay-ups ensures that the plate exhibits

specially orthotropic flexural properties. Furthermore. if initial failure is assumed to occur
within the small deflection regime, then a single, fourth order, partial differential equation is
sufficient to describe plate equilibrium[4l,

DII w···· +2(D12+2Dt6)w"" +Dnw"" =q. (2)

As the plate is simply supported along all four sides, the deflection surface and the lateral
pressure distribution may both be expressed in classical Navier double series form,

and

w=~ ~ A..." sin(m1Tx/a) sin (n1Ty/b)
".-1,.-1

....
q= L L q..." sin (m1Tx/a) sin (n1Ty/b).

".-1,,-1

(3)

(4)
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Now substituting eqns (3) and (4) into eqn (2), the coefficients, Amn, may be defined in terms
of the known coefficients, qmno as,

(5)

in which

Substituting eqn (5) into eqn (3) allows the deflection field to be properly defined throughout
the plate. This deflection field is readily differentiated to yield the plate curvatures and twist,
which may then be used to determine the strains (relative to plate axes) at any point within the
plate thickness as follows,

[
ex J [k

x

J [ W"Je
y

=Z k
y

=- Z W"'

exy kxy 2w"

(6)

The principal strains in the kth lamina may then be determined by employing the following
strain transformation relationship,

(7)

in which c = cos 8 and s = sin 8 and 8 is the fibre orientation angle of the kth lamina.
On substituting eqn (7) into the lamina stress-strain relationship, the stresses (relative to

lamina principal axes) in the kth lamina are given by,

(8)

Equations (6H8) may now be combined to enable the lamina stress components in the kth
layer to be re-expressed as,

(9)

in which

all = ac2 + IILTS
2

al2 = as2+ 1IL7(;2

a\3'; (a - lILT)cS

a21 = (IILrC
2 +S2)

an =(IILTS
2 + c2

)

an = (liLT - I)C5

a31 = -2{3C5
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and ZI varies from 1«-1 to 1« (see Fig. I). (N.B. The expressions for alt. •.• , 033 may be further
simplified for the cross-ply lay-ups considered herein, since c =I and 5 =0 for odd-numbered
and c = 0 and S =I for even-numbered laminae.)

(b) Lamina failure criterion
There are a number of lamina failure criteria which may be employed in the initial flexural

failure analysis of a laminated plate. Tsai[S] shows that the Tsai-Hill failure criterion gives
good correlation with experiment for GFRP laminates subjected to in-plane loading configura­
tions and it has therefore been selected for incorporation into the present analysis. This
criterion takes the following form,

(10)

in which
-I

'Y =ST,St..

8 =11 when 52 is tensile
I ST,S T~ when 52 is compressive

"'_ -I,,- ST,5LT.

(c) Laminate initial failure criterion
On substituting eqn (9) into eqn (10) and setting Z. = 6:, two surfaces are defined, which are

unique to the kth lamina. The distance of these surfaces, one of which is shown in Fig. 2, from
the laminate mid-plane is given by,

(11)

in which

.I.. - f( "2 1/2 "2 "1/ ..., /I ")""'- w ,w ,w ,w w,w w ,w w .

These two surfaces are not equidistant from the laminate midplane because the value of 4J.
associated with the positive sign differs from that associated with the negative sign-a feature
which is directly attributable to the difference in the lamina compressive and tensile strengths.
In general, therefore, only one of any symmetric pair of laminae may reach a state of incipient
failure-the one in which the lamina transverse stress is tensile.

For a state of incipient failure to exist in the kth lamina, 6: must assume its minimum value,
i.e. (6:)min =Z. at one or more points (see Fig. 2). This implies that 4J. =(4J"Jmax, so that,

(12)

But z" may be expressed in terms of the plate thickness, the thickness of an individual lamina
and the lamina number as follows,

I
z"=ih-(k-l)1

~-su:tFACE

'-' ,

(+"")

Fig. 2. Section throush the laminated plate showing the kth lamina's initial failure surface.

(13)
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Substituting eqn (13) into eqn (12) and re-arranging gives,

! h = + S E",-I(.I. )-(1/2)2 - T, T 'l'1k max

in which

(14)

Thus, the initial flexural failure analysis reduces to the evaluation of (tPlk)max for each of the
laminae. The maximum of these, i.e. (tPlk):- is the required solution to the problem and the
required initial failure load and associated plate deflections may be obtained by simple scaling
as follows,

(15)

in which

and

w=qw (16)

(d) Load distributions
The present analysis is unrestricted in the type of load distribution that may be considered.

However, only three such distributions will be considered here, viz. uniform, patch and
hydrostatic (linearly varying). The forms of the q"," terms in eqn (4) appropriate to each of
these are given below as:

(i) Unifonnly distributed load

(17)

in which

m=n=I,3,5, ...

(ii) Uniformly distributed rectangular patch load

in which

m = n = 1,3,5, ... ,

XI is the X co-ordinate of the patch centre,

YI is the y co-ordinate of the path centre,

(18)

and c and d are the patch dimensions relative to the X and y co-ordinate directions respec­
tively.
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(iii) Hydrostatically (linearly varying) distributed load

in which

m =1,3,5, ... and n =1,2,3, ....

457

(19)

(19)

(e) Evaluation of (l!>lt):'"
A simple trial and error procedure is employed to locate and evaluate (l!>lt)max for each

lamina. Basically, l!>1 .. is evaluated at each node of a rectangular or square grid extending over
the whole of the lamina. By comparing the 4>lk values at"each node with one another, either
(l!>It)max and its location are determined directly, or a region(s) which contains (l!>It)rnax is
isolated for reanalysis using a finer mesh. Repeating this procedure for each of the laminae in
the plate enables (4)1.. ):.. to be located and evaluated to any desired degree of
accuracy.

Because of certain features of the problem under consideration-notably the plate boun­
dary conditions, the type of anisotropy and the form of the failure criterion-it was found
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F... 3. Uniformly \oaded, simply supported GFRP cross-ply plate. (a) Initial failure load vs plate aspect
ratio. (b) Correspondilll plate centre deftection vs plate aspect ratio.
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that initial failure always occurred along the plate centre-line parallel to the y-axis (at one or
two locations) in the outermost our next outermost lamina on the tension side of the plate
midplane, i.e. in the laminae k = 1or 2 shown on Fig. 1. Thus, once this pattern was recognised,
it was no longer necessary to implement in full the trial and error procedure for locating
(t!>lk)max and the computational effort was considerably reduced.

4. COMPUTED INITIAL FAILURE LOADS AND DEFLECTIONS

Two sets of results have been computed-initial failure loads and corresponding plate centre
deflections-for each of the two material types and three lateral pressure distributions con­
sidered. These results are presented in dimensionless graphical form in order to facilitate direct
design application.

FAILURE IN 1st LAMINA.
FAILURE IN 2nd LAMINA.
FAILURE AT PLATE CENTRE WI£N R < «,
OTJ£RWISE AT TWO POINTS ON CENTRE-LINE
PARALLEL TO V-AXIS
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o 234

R
(b)

rig. 4. Uniformly loaded, simply supported CFRP cross-ply plate. (a) Initial failure load vs plate aspect
ratio. (b) Corresponding plate centre deftcction vs plate aspect ratio.
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The initial failure loads and corresponding plate centre deflections for uniformly loaded
GFRP and CFRP plates are depicted in Figs. 3 and 4 respectively. It is evident that the GFRP
plate initial failure loads (see rig. 3a) are sensibly constant once the plate aspect ratio, R,
exceeds a value of approximately two and, moreover, these failure loads decrease as the
number of laminae in the plate increases-the initial failure load drops by about 50% when the
number of laminae, NL, increases from 3 to 9. Another important feature of the curves shown
in Fig. 3(a) is the presence of local minima and/or maxima-the former all occurring at an
aspect ratio of approximately one. For uniformly loaded GFRP plates failure was always
observed to initiate at the plate centre in the first or second lamina (k = 1 ro 2). Each of the
curves in Fig. 3(a) is marked to show the range of aspect ratios over which failure initiates in
each of these two laminae. It is evident that failure initiates in the first lamina at low values of R
and that the second lamina fails first at higher values, provided NL > 3.
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FfI. S. ScpIre, simply supported GFRP cross-ply plate subjected to a uniform. square patch load at its
centre. (a) Initial failure load vs patch size. (b) Corresponding plate centre cIefIection vs patch size.
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Fig. 6. Square, simply supported CFRP cross.piy plate subjected to a uniform, square patch load at its
centre. (a) Initial failure load vs patch size. (b) Corresponding plate centre deflection vs patch size.
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The initial failure load curves for CFRP plates are presented in Fig. 4(a). They also exhibit
local minima when R:=: I and tend to constant values (i.e. exhibit aspect. ratio independence)
when R > 2.5. However, in contrast to GFRP plates, the initial failure loads of high aspect ratio
CFRP plates do not necessarily decrease as the number of laminae increases, e.g. the curve for
NL = 5 lies above that for NL = 3 and that for NL = 7 lies only marginally below it. Each of the
curves of Fia. 4(a) is marked to show the range of aspect ratios over which failure initiates in
the first and second laminae. Furthermore, as failure does not always initiate at the plate centre, the
curves are additionally marked to show the range of aspect ratios for which symmetric, two-point
centre-line failure applies.

The plate centre deflections corresponding to the initial failure loads of Figs. 3(a) and 4(a)
are presented in Figs. 3(b) and 4(b) respectively. For uniformly loaded, GFRP plates (see Fig.
3b) the plate centre deflections are practically independent of NL provided R:s, 1.1; otherwise
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Fi.. 7. Hydrostatically 1oIded, simply supported GFRP cross-ply plate. (a) Initial failure load vs plate
aspect ratio. (b) Comspondina plate centre deflection vs plate aspect ratio.
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they decrease as NL increases. Furthermore, when R > 2 the deflections are sensibly constant,
i.e. they are aspect ratio independent. Similar features are present in the deflection curves for
uniformly loaded, CFRP plates shown in Fig. 4(b)-the notable exception being that the central
deflection tends, if anything, to increase rather than decrease with NL when R;;lo 1.1.

From the design standpoint, the uniformly loaded, GFRP and CFRP plate results of Figs. 3
and 4 suggest (particularly where serviceability limits on deflections are of no consequence) that
maximum plate strength may be achieved by minimising the number of laminae in the plate
when R > 1 and maximising this number when R < 1.

Results for square, GFRP and CFRP plates subjected to uniform, square patch loads of
varying size at their centres are presented in Figs. 5 and 6. It is evident that the initial failure
loads for both material types decrease rapidly as the patch size increases (see Figs. Sa and 6a).
Figures 5(b) and 6(b) show that the inverse situation applies for the corresponding plate centre
deflections. These figures clearly demonstrate that the number of laminae has very little
influence on either the initial failure load or the corresponding plate centre deflection. This
latter feature is thought to be primarily due to the choice of a unit aspect ratio for this part of
the study (compare Figs. 3 and 4 at R = I-all the curves are fairly closely bunched). With the
exception of one CFRP plate (NL =3 and cia =d/b =1), failure always initiated in the first
lamina at the plate centre.
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Fig. 8. Hydrostatically loaded. simply supported CFRP Cross-ply plate. (a) Initial failure load vs plate
aspect ratio. (b) Corresponding plate centre dellection vs plate aspect ratio.
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The final set of results of this study-those for hydrostatically loaded GFRP and CFRP
plates-are presented in Figs. 7 and 8. The initial failure loads for both material types show a
continuous decrease with increasing aspect ratio. In Fig. 7(a) the initial failure loads for NL =7
are significantly lower than those for NL = 3 or 5 when R > 2. By contrast, for CFRP plates (see
Fig. Sa) the initial failure loads for NL =3 are much lower than those for NL =5 or 7, which are
almost indistinguishable, throughout the range of aspect ratios considered. The number of
laminae in the plate therefore influences the initial failure load, but no definite pattern emerges.
Under hydrostatic loading failure occurs in either the first or second lamina (along the plate
centre-line) in GFRP plates and the range of aspect ratios appropriate to each is indicated
against each curve of Fig. 7(a). By contrast, in similarly loaded CFRP plates failure always
occurs in the first lamina.

The corresponding plate centre deflections are presented in Figs. 7(b) and 8(b) for hydro­
statically loaded GFRP and CFRP plates. The deflections increase initially with increasing
aspect ratio, reaching their maximum values in the range, 1.5 E; R E; 2.5 and thereafter showing a
moderate decrease. In addition, the CFRP plate deflections increase as NL increases (see Fig.
Sb).

S. CONCLUSIONS

An initial flexural failure study of simply supported GFRP and CFRP plates subjected to
three lateral pressure distributions has been undertaken. The study has been restricted to
symmetric, cross-ply lay-ups so that both types of plate exhibit flexurally orthotropic proper­
ties-the degree of orthotropy being greater in the CFRP plates.

The results of the study have been presented graphically as a set of initial failure load and
corresponding plate centre deflection curves to facilitate design application. The main features
of these results may be summarised as follows:

(1) Initial failure loads of uniformly loaded GFRP and CFRP plates exhibit local minima at
R .e: 1 and are aspect ratio independent beyond R.e: 2. Their corresponding plate centre
deflections are independent of NL provided R < 1.1 and when R > 2 they tend to constant
values.

(2) The uniformly loaded GFRP and CFRP results indicate that when R> 1 maximum
strength is achieved by minimising the number of constituent lamina. Conversely, when R < 1
the strength may be improved by increasing the number of laminae.

(3) Initial failure loads of square plates subjected to a central, uniform, square patch load
decrease with increasing patch size. The inverse situation applies in respect of the correspond­
ing plate centre deflections. The number of laminae in the plate has practically no influence on
the initial failure load or the deflection.

(4) Initial failure loads of hydrostatically loaded GFRP and CFRP plates decrease with
increasing aspect ratio and the corresponding plate centre deflections exhibit maxima in the
range, 1.5 E; R E; 2.5.
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